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Ising antiferromagnet on the 2-uniform lattices
Unjong Yu
Department of Physics and Photon Science, Gwangju Institute of Science and Technology, Gwangju 61005, South Korea∗
The antiferromagnetic Ising model is investigated on the twenty 2-uniform lattices using the
Monte-Carlo method based on the Wang-Landau algorithm and the Metropolis algorithm to study
the geometric frustration effect systematically. Based on the specific heat, the residual entropy, and
the Edwards-Anderson freezing order parameter, the ground states of them were determined. In
addition to the long-range-ordered phase and the spin ice phase found in the Archimedean lattices,
two more phases were found. The partial long-range order is long-range order with exceptional
disordered sites, which give extensive residual entropy. In the partial spin ice phase, the partial
freezing phenomenon appears: Majority of sites are frozen without long-range order, but the other
sites are fluctuating even at zero temperature. The spin liquid ground state was not found in the
2-uniform lattices.
PACS numbers: 05.50.+q, 05.10.Ln, 64.60.De, 75.10.Hk
I. INTRODUCTION
Recently, frustration has attracted intensive attention
due to unexpected phenomena and exotic order [1–3].
The Ising model [4] always have a long-range-ordered
ground state in two and higher dimension without frus-
tration [5]. With frustration, however, it has various
ground states such as long-range-ordered phase, spin
glass, spin ice, and spin liquid phase [2, 3, 6]. Frustration
induced by geometric effect without disorder is called the
geometric frustration [7]. In this paper, the geometric
frustration is investigated systematically within the anti-
ferromagnetic Ising model on two-dimensional 2-uniform
lattices.
In a two-dimensional lattice made by regular poly-
gons, when there exist k kinds of topologically equiv-
alent vertices, it is called k-uniform lattice. When
there is only one kind (uniform tiling), it is also called
the Archimedean lattice. There are exactly eleven
Archimedean lattices, and seven lattices among them are
frustrated [8]. The ground state of the antiferromag-
netic quantum Heisenberg model was investigated sys-
tematically: the kagome and the star lattice were pro-
posed as quantum spin liquid and the other five lattices
were classified tentatively as long-range-ordered phase
[9, 10]. In the case of the antiferromagnetic Ising model,
ground states of them are classified into long-range-
ordered phase (Shastry-Sutherland and trellis lattices),
spin ice (bounce, maple-leaf, and star lattices), and spin
liquid (triangular and kagome lattices), in the order of
stronger frustration [6]. Although the Archimedean lat-
tice is a good starting point to study geometric frustra-
tion [11], seven lattices are not enough for a systematic
study of various frustration effects, and we present study
of the frustration effect on the 2-uniform lattices in this
work. There exist exactly twenty 2-uniform lattices [8],
as are listed in Fig. 1 and Table I. We labeled them from
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T12 to T31 after eleven Archimedean lattices. Differently
from the Archimedean lattices, which have correspond-
ing natural material systems [9, 12], 2-uniform lattices
have not been found in nature, yet, but it is expected
to become possible to make artificial systems with a 2-
uniform structure in the future. At least, we can get an
insight for the geometric frustration by systematic study
on the 2-uniform lattices.
In this paper, we report detailed study of the antiferro-
magnetic Ising model on the 2-uniform lattices. Specific
heat, residual entropy, and freezing order-parameter are
obtained to identify the ground state. Finite tempera-
ture phase transitions in weakly frustrated lattices are
also investigated.
II. MODEL AND METHOD
The Ising model Hamiltonian in this work is as follows.
H = −J
∑
〈i,j〉
SiSj . (1)
The spin at the i-th site Si may take the values of +1 or
−1, only. The summation 〈i, j〉 runs for all the nearest-
neighbor pairs, excluding double counting. The coupling
constant J and the Boltzmann constant kB are set to be
J = −1 and kB = 1. Only antiferromagnetic interaction
is considered within this paper.
The calculation was done for parallelepiped lattices
with number of sites N = B×L×L, where B and L are
the number of sites per unit cell and the linear size, re-
spectively. The periodic boundary condition is used. To
simulate frustrated systems, we used the Wang-Landau
algorithm [13]. The Wang-Landau algorithm calculates
the density of states ρ(E) (DOS) as a function of en-
ergy E directly by the random walk with the transition
probability P (i → j) = min{1, ρ(Ei)/ρ(Ej)}. At each
step, the histogram h(Ei) and the DOS ρ(Ei) of the
present energy Ei is adjusted by h(Ei)→ h(Ei) + 1 and
ρ(Ei) → fn ρ(Ei) with an amplification factor fn > 1
2TABLE I: Name, number of lattice points per basis (B), average coordination number (z), antiferromagnetic ground state
energy per bond (EAFg ), antiferromagnetic transition temperature (Tc), exact residual entropy (S0), and ground state for each
2-uniform lattice. LRO means long-range order.
Name B z EAFg T
AF
c S0 Ground state
T21 (33, 42; 32, 4, 3, 4)2 8 5 −3/5 1.193(1) log(2) LRO
T26 (32, 62; 3, 6, 3, 6) 6 4 −2/3 1.182(1) log(2) LRO
T13 (36; 34, 6)2 8 21/4 −3/7 1.076(2) log(2)(1 +N/4) Partial LRO
T17 (36; 32, 4, 12) 14 30/7 −3/5 1.210(1) log(2)(1 +N/7) Partial LRO
T18 (36; 32, 62) 7 30/7 −3/5 1.324(1) log(2)(1 +N/7) Partial LRO
T14 (36; 33, 42)1 4 11/2 −5/11 0.17(1) log(8)L 1-direction LRO
T15 (36; 33, 42)2 3 16/3 −1/2 0.27(1) log(4)L 1-direction LRO
T19 (34, 6; 32, 62) 4 9/2 −5/9 0 log(2)L 1-direction LRO
T23 (33, 42; 44)1 3 14/3 −5/7 0 log(2)L 1-direction LRO
T24 (33, 42; 44)2 4 9/2 −7/9 0 log(2)L 1-direction LRO
T30 (3, 42, 6; 3, 6, 3, 6)2 5 4 −3/5 0 log(2)(L+N/5) Partial 1-direction LRO
T20 (33, 42; 32, 4, 3, 4)1 12 5 −7/15 - [0.18472(1)]N Spin ice
T22 (33, 42; 3, 4, 6, 4) 12 9/2 −5/9 - [0.1258(2)]N Spin ice
T25 (32, 4, 3, 4; 3, 4, 6, 4) 12 9/2 −5/9 - [0.083(3)]N Spin ice
T28 (3, 42, 6; 3, 4, 6, 4) 18 4 −2/3 - [0.08401(1)]N Spin ice
T12 (36; 34, 6)1 12 11/2 −13/33 - [0.172(1)]N Partial spin ice
T16 (36; 32, 4, 3, 4) 7 36/7 −4/9 - [(log(2) + 0.32306595)/7]N Partial spin ice
T27 (3, 4, 3, 12; 3, 122) 8 7/2 −3/7 - [0.37757(1)]N Partial spin ice
T29 (3, 42, 6; 3, 6, 3, 6)1 5 4 −3/5 - [0.18376(2)]N Partial spin ice
T31 (3, 4, 6, 4; 4, 6, 12)2 18 10/3 −11/15 - [0.12885(2)]N Partial spin ice
3until the histogram h(Ei) becomes flat enough. When
the standard deviation of the histogram is less than 4%
of its average, the normalization of
∑
i ρ(Ei) = 2
N is
performed and a new scan starts with an empty his-
togram [h(Ei) = 0] and a smaller value of fn+1 =
√
fn.
T12 T13 T14
T15 T16 T17
T18 T19 T20
T21 T22 T23
T24 T25 T26
T27 T28 T29
T30 T31
FIG. 1: The twenty 2-uniform lattices.
The whole simulation begins with an initial amplifier
f0 = e and stops when fn approaches enough to 1:
fn < exp(10
−10). If the simulation is successful, the error
is expected to be the same order as log(fn). Although the
Wang-Landau method is slow and can be applied to only
small clusters, it gives reliable results for the frustrated
systems because it is not stuck to a metastable state. Af-
ter the DOS ρ(E) is obtained, the specific heat c(T ) can
be calculated easily as a function of temperature T :
c(T ) =
1
T 2
{
〈E2〉T − (〈E〉T )2
}
(2)
with 〈X〉T =
∑
iXi ρ(Ei) e
−Ei/T∑
i ρ(Ei) e
−Ei/T
. (3)
The residual entropy S0 can be calculated also directly
from the DOS (ρ(E)) obtained by the Wang-Landau al-
gorithm: S0 = log[ρ(E0)], where E0 is the lowest energy.
Since the Wang-Landau algorithm can give only static
information, we also used the Metropolis algorithm [14]
to study fluctuation around a ground state.
III. RESULTS AND DISCUSSION
From the specific heat (Fig. 2) and residual entropy
data (Fig. 3) obtained by the Wang-Landau method,
eleven lattices were classified to have long-range-ordered
ground states. Two of them (T21 and T26) have conven-
tional long-range order with residual entropy S0 = log(2),
which was confirmed by the Wang-Landau calculation.
The degeneracy of two is from the Kramers degeneracy.
Other three lattices (T13, T17, and T18) have partial
long-range order, which means the long-range order ex-
cept part of the lattice that keeps disordered even at zero
temperature. Therefore, the residual entropy is exten-
sive like the spin ice and the spin liquid. For example,
a ground state of lattice T18 is shown in the right panel
of Fig. 3(a). Without sites in the center of hexagons,
which are represented by red circles, there is no frus-
tration and the ground state is uniquely determined ex-
cept the Kramers degeneracy. Since the site can have
any spin state between up and down, the degeneracy is
W0 = 2×2L2 = 2×2N/7 and the residual entropy becomes
extensive: S0 = log(W0) = log(2)(1 +N/7). In the same
way, the residual entropy of T13 and T17 can be under-
stood, too. In the case of T13, two spins out of eight spins
in a unit cell are disordered and S0 = log(2)(1 + N/4).
These behaviors are well confirmed by the Wang-Landau
calculations. The partial long-range order has been ob-
served in a number of models with frustration. The clas-
sical Heisenberg model with uniaxial exchange anisotropy
on the triangular lattice has a partial order, where 2/3
spins make a long-range-ordered honeycomb lattice while
the other 1/3 spins are disordered [15]. The body-
centered-cubic (bcc) lattice may have the partial order
with nearest-neighbor (NN) and next-nearest-neighbor
(NNN) interactions, too [16]. The Potts model shows
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FIG. 2: (Color online) Specific heat as a function of temper-
ature (upper panels) and finite size-scaling to find the critical
temperature (lower panels) in the eleven weakly frustrated
2-uniform lattices, which have long-range-ordered ground
states. Left and right panels are for lattices with long-
range ordering in two and one directions, respectively. Solid
lines in the bottom panels are results of fitting for the an-
tiferromagnetic critical temperatures (TAFc ) by T
AF
c (N) =
TAFc (∞) + λN
−ν/2(1 + bN−ω/2) with ν = 1 and ω = 2. The
temperature is in the unit of |J |/kB .
a partial order in a few Laves lattices (diced, union jack,
and centered diced lattices) [17–19]. As for the Ising
model, it was found in the fully-frustrated simple-cubic
lattice [20, 21], the stacked triangular lattice [22], the
kagome and the bcc lattices with NN and NNN interac-
tions [23, 24], and the anisotropic centered honeycomb
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FIG. 3: (Color online) Residual entropy S0 calculated by
the Wang-Landau method for weakly frustrated lattices with
long-range-ordered ground state. Lines represent the exact
results for each lattice: S0 = log(2)(1 + N/4) and S0 =
log(2)(1 + N/7) in (a), S0 = log(8)L, S0 = log(4)L, and
S0 = log(2)L in (b), and S0 = log(2)(L + N/5) in (c). Ex-
amples of the ground states for T18, T19, and T30 are shown
in the right panels. Black and white circles represent up and
down spin sites, respectively. Red circles are for disordered
sites with random spin.
lattice [25]. The partial order was also proposed in the
quantum Heisenberg model [16, 26] and the periodic An-
derson model [27]. Partial order phenomena are also ob-
served experimentally in a few antiferromagnetic materi-
als such as GdInCu4 [28], Gd2Ti2O7 [29], and Sr2YRuO6
[30].
The five lattices have finite temperature order-disorder
transition indicated by diverging specific heat. The tem-
perature of maximum specific heat for various cluster size
follows the scaling behavior of the two-dimensional Ising
universality class [31]:
TAFc (N) = T
AF
c (∞) +
λ
Nν/2
(
1 +
b
Nω/2
)
(4)
with ν = 1 and ω = 2. The two variables λ and b are
lattice-dependent fitting parameters. By this method,
the critical temperatures were obtained as shown in Fig. 2
and Table I.
5The other six lattices (T14, T15, T19, T23, T24, and
T30) have the long-range order only in one direction
like the Trellis lattice [6]. For example, T19 is made
by stripes, each of which is composed of four rows. (See
right panel of Fig. 3(b).) In the ground state, all the rows
are ordered with the same spin in the horizontal direc-
tion. The spins of the first (R1) and the second (R2) rows
are uniquely determined by the spin of the last row of its
adjacent stripe. However, the third (R3) and the fourth
(R4) rows may choose one between up-down or down-
up spins. In other words, when the spin of R1 is fixed
to be up, there are two degenerate spin configurations:
up-down-up-down and up-down-down-up for R1, R2, R3,
and R4. Since each stripe has the degeneracy of two, the
residual entropy becomes S0 = log
(
2L
)
= log(2)L. By
the same reason, the residual entropies of T23 and T24
are also S0 = log(2)L. T14 and T15 have degeneracy
of 23 and 22 per unit stripe and their residual entropies
are S0 = log(8)L and S0 = log(4)L, respectively. As
shown in Fig. 3(c), T30 has a partial long-range order
in one direction. When R1 is ordered as ↑↓↑↓↑↓ · · ·, ad-
jacent R2 should be ordered as ↓↑↓↑↓↑ · · ·. Thus, each
stripe composed of R1 and R2 has a degeneracy of two.
Sites between the two stripes (red circles in Fig. 3(c))
may have any spin and they have degeneracy of two per
site. Therefore, the residual entropy of T30 becomes
S0 = log(2)(L+N/5).
As shown in Fig. 2, specific heat data of T14 and
T15 behave similar to the Trellis lattice. They show
size-independent broad peak and size-dependent sharp
diverging peak at lower temperature, where the one-
direction ordering occurs. The temperature of maxi-
mum specific heat fits well with Eq. (4) to give the crit-
ical temperature of TAFc = 0.17(1) and 0.27(1) for T14
and T15, respectively. Differently from the trellis lat-
tice, the critical exponents ν and ω are the same as the
two-dimensional Ising model within statistical error. As
for T19, T23, T24, and T30 no finite temperature phase
transition was found.
The other nine lattices were found to be disordered
even at zero temperature. Their specific heat data as
a function of temperature are shown in Fig. 4. They
do not have a diverging peak and the size-dependence is
very small, which implies absence of long-range correla-
tion. Clearer evidence is the residual entropy, which is
proportional to the number of spins within the cluster.
They are plotted in Fig. 5 and listed in Table I. Some
of them can be calculated analytically. A unit cell of
T16 includes seven spins, which makes a hexagon with
an extra central spin. (See Fig. 5(b).) Without a cen-
tral spin (red circle), there is no frustration and the six
spins have spin configuration of (↑↓↑↓↑↓) or (↓↑↓↑↓↑).
Neighboring hexagons prefer to have different spin con-
figuration with each other, but it is not always possible
because they form a triangular lattice. Thus, the resid-
ual entropy by hexagons per unit cell is the same as the
triangular lattice (T1). Since the central spin may have
any direction without changing the energy, it gives extra
residual entropy to the lattice. Therefore, the residual
entropy is ST160 /N = [S
T1
0 /N + log(2)]/7. The residual
entropy of the triangular lattice ST10 is exactly known:
ST10 /N = (3/pi)
∫ pi/6
0
log(2 cosw)dw ≈ 0.32307 [32]. The
residual entropy of T27 and T29 can be understood
by the Pauling’s method applied to the ice [33]. This
method gives approximate but very accurate estimation
in corner-sharing frustrated systems [6]. For example, the
residual entropy of the kagome lattice (corner-sharing tri-
angles) can be estimated by ST80 ≈ log
[
2N(6/8)2N/3
] ≈
0.50136N [34], where (6/8) means six states out of 23
states give minimum energy within a triangle and 2N/3
means number of triangles in the lattice. This value is
smaller than the exact result by 0.1% [35]. In the case
of T27, a unit cell, which is star-shaped, is connected
with neighboring unit cells with unfrustrated links (thick
red lines in Fig. 5(c)). When the two spins connected by
unfrustrated links are merged, T27 is transformed into
T27∗, which has the same residual entropy per unit cell
as T27. The residual entropy of T27∗ is estimated by
ST27
∗
0 ≈ log
[
2N (82/28)N/6
] ≈ 0.50340N . (82/28) means
only 82 states out of 28 states satisfy the minimum en-
ergy condition in a star-shaped cluster composed of eight
spins. Since T27 and T27∗ have the same residual en-
tropy per unit cell, ST270 = (6/8)S
T27
∗
0 ≈ 0.37755. The
same method can be applied to T29. By merging four
spins connected by square-shaped unfrustrated links, T29
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FIG. 4: (Color online) Specific heat as a function of temper-
ature for the nine strongly frustrated 2-uniform lattices.
6is transformed into T29∗. (See Fig. 5(d).) The residual
entropy of T29 is estimated by ST290 = (2/5)S
T29
∗
0 ≈
(2/5) log
[
2N(10/24)N/2
] ≈ 0.18326. These estimations
are smaller than the numerical results by the Wang-
Landau algorithm by 0.005% and 0.3% for T27 and T29,
respectively. The other six lattices (T12, T20, T22, T25,
T28, and T31) are too complicated to get analytic re-
sults or Pauling’s estimates. They are in-between 0.08
and 0.18 per spin, which is about half of that of the
triangular lattice. This is because there are some un-
frustrated links, which reduce the residual entropy of the
lattice relative to the triangular lattice. Thick red links
in Fig. 5(b)-(d) are examples.
Another important property to study for frustrated
systems is the freezing. Spins are frozen in the spin
glass phase and the spin ice phase, as well as in the
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0  2000  4000
(a)
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/ N
N
T12
T16
T20
T22
T25
T27
T28
T29
T31
(b)
T16
(c)
T27 T27*
(d) T29 T29*
FIG. 5: (Color online) (a) Residual entropy for the 9 strongly
frustrated 2-uniform lattices. Horizontal solid lines are
S0/N = log(20.5)/8, log(2.5)/5, and (0.32306595 + log(2))/7
for T27, T29, and T16, respectively. (b) A ground state for
T16. Black, white, and red circles represent sites with up-
spin, down-spin, and disordered sites. Thick red lines indi-
cate unfrustrated links. (c) and (d) show examples of ground
states for T27 and T29. By merging the unfrustrated links
(thick red lines), they can be transformed into T27∗ and T29∗,
which have the same residual entropy per unit cell as T27 and
T29, respectively. Yellow ellipses in (b), (c), and (d) show unit
cells.
long-range-ordered phase. When spins are not frozen and
fluctuate even at zero temperature, it is called the spin
liquid. Since DOS does not give information about freez-
ing phenomena, we performed another simulation using
the single-site update of the Metropolis algorithm [14].
The degree of freezing can be measured by the Edwards-
Anderson order parameter qEA [36], which was proposed
to study freezing phenomena in spin glass systems. It can
be used generally to study freezing phenomena including
the spin ice. We adopted the implementation of Ref. 37:
qEA,i =
1
M
∣∣∣∣∣
M∑
t
Si(t)
∣∣∣∣∣ , (5)
qEA =
1
N
N∑
i
qEA,i . (6)
M is the number of Monte-Carlo steps for measurement
after equilibration, which is fixed to be M = 2 × 106 in
this work. The spin to be tested for flipping is chosen ran-
domly, and each spin is tested once per one Monte-Carlo
step on average. At high temperature, spins fluctuate fast
and qEA ≈ 0. Except the spin liquid, it begins to increase
at the transition temperature Tc or freezing temperature
Tf as temperature is lowered. For lattices with long-
range-ordered ground state (T21, T26, T14, T15, T19,
T23, and T24) and spin ice ground state (T20, T22, T25,
and T28), all the spins are frozen and qEA approaches 1 at
zero temperature. For lattices with partially-long-range-
ordered ground state (T13, T17, T18, and T30), spins
are frozen except disordered spins and qEA approaches
a value in-between zero and one. For example, qEA ap-
proaches 6/7 in T18 as temperature goes to zero. No
spin liquid ground state was found among the 2-uniform
lattices.
Finally we found a new phase, partial spin ice, which
appears in T12, T16, T27, T29, and T31, where majority
spins are frozen at zero temperature without long-range
order, but the other spins are fluctuating. In Fig. 6,
qEA,i is shown for T12 and T16. Disordered spins can be
connected to make a string like T12 or isolated like T16.
FIG. 6: Freezing order parameter qEA,i at T = 0.0001 for T12
(left) and T16 (right) in the partial spin ice phase. White,
gray, and black circles represent frozen sites (qEA,i = 1),
slowly fluctuating sites, and quickly fluctuating sites (qEA,i =
0), respectively.
7Since frozen region is larger and spans the whole lattice,
it would be natural to consider them as a spin ice with
exceptional fluctuating parts, and we named them as the
partial spin ice.
The ground states of seven frustrated Archimedean lat-
tices and twenty 2-uniform lattices are shown with their
ground state energy per bond EAFg and the coordination
number z in Fig. 7. Higher EAFg and smaller z indi-
cates stronger frustration and tends to induce spin liquid
ground state [9, 38, 39]. To the contrary, lattices with
lower EAFg and larger z tend to have a long-range-ordered
ground state. In-between, spin ice, partial spin ice, and
partial long-range-ordered ground states exist. The gen-
eral trend is confirmed as shown in Fig. 7, but we found
it is not an absolute criterion. T7 (bounce lattice), T26,
and T28 have the same coordination number and ground
state energy per bond, but T7 and T28 have spin ice
ground state while T26 has long-range-ordered ground
state.
IV. SUMMARY
We studied systematically the geometric frustration ef-
fect of the Ising antiferromagnet on the 2-uniform lat-
tices. From the results of specific heat, residual entropy,
and freezing order parameter, we classified ground states
of them into long-range order, partial long-range order,
spin ice, and partial spin ice. In comparison with the
Archimedean lattices [6], partial long-range order and
partial spin ice phase were additionally found but spin
liquid phase is missing. Table I summarizes the results.
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 3  4  5  6
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SL
E gA
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FIG. 7: (Color online) Ground states of the Ising antifer-
romagnet on twenty seven frustrated Archimedean and 2-
uniform lattices represented with their ground state energy
per bond EAFg and the coordination number z. Lower-right
corner and upper region indicate weak and strong frustration,
respectively. LRO, P-LRO, SI, P-SI, and SL means long-range
order, partial long-range order, spin ice, partial spin ice, and
spin liquid, respectively.
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